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IN R E C T A N G U L A R  P I P E S  

R.  S. K u z n e t s k i i  

LIQUID FLOW 

The cr i t ica l  Reynolds numbers  and maximal  instability locations of laminar  liquid flow in rectangu-  
•ar pipes a re  obtained theoret ical ly  as a function of the rectangle  side ratio.  The resul ts  a re  confirmed 
experimental ly.  

The expression for the cr i t ical  Reynolds number  R for flow in a s t ra ight  pipe [11 in dimensionless 
fo rm is 

R. 2 <u> for h~ u---~ -- ~, Ulr_~0 (1) r~**o=3*/ ,  supv {ul Va~Uj} 

and the local instability is minimal where suPF{U[ V ~  u]} is reached.  Here x = s~, y = sT are  Car tes ian 
coordinates  at sect ion F of the pipe (with cont rour  F); s is the hydraulic radius,  angle brackets  denote 
averaging over  F, the as te r i sk  corresponds  to loss of stability; the index 0 corresponds  to a c i r cu la r  pipe 
(in the following we assume R~ = 2300 [2, 3], which corresponds  to an  overal l  pipe c r i te r ion  q .  [1] of 
about 885). 

For  rec tangular  pipes (Ix [ -< a, [y I -< b) the shape F is cha rac te r i zed  by the parameter  k = b / a  so 
that r = r(k). Without limiting general i ty we shall  a s sume k - 1 and examine the f i r s t  quadrant 0 -< x -< a, 
0 -< y - b. In this case  the boundary conditions take the form 

( 1 4 - k )  ( t + k \  Ou ~ou 
uk-- ~ -  . n = u ~ --~--)-~ ~-(0, n)-=-~ (5. 0)=0 (2) 

The quantity u IVy_u] , in addition to its absolute maximum supF{u~7~?u[} for  x=0 ,  y = y ,  (0 < y .  < b; 
we assume k < 1), may  a~so have a re la t ive  maximum for  y = 0 ,  x = x ,  (0 < x** <a).  Correspondingly,  
the absolute and relat ive minima of (u>{u [ V ~ u  [ ) -1  lead to the Reynolds numbers  R .  (cri t ical)and 
R** > R , ,  corresponding to the onset of instabili ty at the noted points; R , ,  R**,  y , ,  and x** as functions 
of k are  to be determined.  

The appearance of the second of the instability zones x .~ 0, y ~ y ,  (R ~> R , ) ;  x ~ x , , ,  y ~ 0 (R ~> 
R**) ,  serving as an additional isolated turbulization source,  in the case  of an extended laminar  regime 
causes  marked increase  (the larger ,  the l a rge r  is k) of the probabili ty of general  turbulization of the flow. 
The situation for an annular tube was s imi la r  [1]. 

In cont ras t  with the pipe sections examined previously [1] in the rec tangular  pipe case there  is no 
finite analytic express ion for u [3]. The calculation becomes correspondingly more  complicated, p r imar i -  
ly owing to the need for numer ica l  integration of (1). 

The numer ica l  solution of the Poisson equation (1) by the difference method using the boundary con- 
ditions (2) with subsequent calculation of (u> { u [Vf~ / u[} -I at the grid nodes and selection of the minimal 
value was ca r r i ed  out on a Minsk-22 computer .  To obtain the grid each half of the rectangle sides was di- 
vided for k > 0.1 into 32 equal parts ;  for k -< 0.1 they were  divided respect ively into 85 and 24 par ts .  The 
i terat ions were  te rminated  as soon as the d iscrepancy in u became less than 2 -23 ~ 1.2 - 10-7; in this case 
0.08 ~< (u> ~< 0.14, 0.12 ~< Uma x ~< 0.29. The computation of each vers ion  with a definite initial value of k 
required  about three  hours.  Twenty vers ions  were computed in all. The basic resul ts  of the calculation 
a re  shown in Figs.  1, 2, and 3. 
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The quantity r(k) decreases  f rom the maximal  value r(0) = 4/3 (flat 
channel) [1] to the minimal  value r(0.6255) ~ 0.7186 and then increases  some-  
what to r(1) ~ 0.7981 (square section). It appears  that the flow in the pipe is 
more  stable (r is la rger) ,  the more  uniform is the distribution of u in F (i.e., 
the more  the measurements  of the rectuangular  section differ) or  the more  
near ly  symmet r i ca l  is the distr ibution (the c loser  the rectangle is to a 
square).  There fore  we can expect, for example, that for sections in the form 
of regular  n-gons (n >- 3) r ( r <  1 [4]) is a monotonically increasing function of 
n which approaches 1 as n --* co 

The value r = r(1) is also reached for k ~ 0.366. Thus the inverse  de- 
pendence r(k) on the segment  0.366 -< k -< 1 is two-valued. We note that r = 1 
(R. = R~ for k ~ 0.182. 

Figure  1 also shows the experimental  points of Schiller [5], Davies and White [6], Cornish [7]) 
Nikuradse [4], and Lea and Tadros  [84 denoted by numerals  1-5.  The points are  taken direct ly  f rom the 
curves  of pipe res i s t ance  versus  R obtained by the exper imenters  with account for the influence of the 
initial dis turbance intensity and the entrance segment  length [3]. However, for more  intense and diverse  
initial dis turbances R ,  would be somewhat smal le r .  Considering this, we can state that the agreement  
between the experimental  and theore t ica l  resul ts  is fair ly good. 

The function rl(k ) = R** /R~  decreases  monotonically to the value rl(1) = r(1). We note that r 1 = 1 
and 4 /3  respec t ive ly  for k ~ 0.660 and 0.440. 

The relat ive distance (y , /b )  between the absolute minimum stability point and the center  of the r e c -  
tangle is always less than the relat ive distance ( x , , / a ) ;  y , / b  with increase  of k increases  monotonically 
f rom 1 / r  ~ 0.5773 for the flat channel [1] with k = 0 to 0.625 for the square  tube with k = 1. C o r r e s -  
pondingly, x * * / a  decreases  monotonically f rom 1 to 0.625. 
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